A new upper bound on the queuenumber of hypercubes  by Pai, Kung-Jui et al.
Discrete Mathematics 310 (2010) 935–939




A new upper bound on the queuenumber of hypercubes
Kung-Jui Pai a,c, Jou-Ming Chang b, Yue-Li Wang a,∗
a Department of Information Management, National Taiwan University of Science and Technology, Taipei, Taiwan, ROC
b Institute of Information Science and Management, National Taipei College of Business, Taipei, Taiwan, ROC
c Department of Industrial Engineering and Management, Mingchi University of Technology, Taipei County, Taiwan, ROC
a r t i c l e i n f o
Article history:
Received 21 August 2008
Received in revised form 25 August 2009
Accepted 8 September 2009






a b s t r a c t
A queue layout of a graph consists of a linear order of its vertices, and a partition of its edges
into queues, such that no two edges in the same queue are nested. In this paper, we show
that the n-dimensional hypercube Qn can be laid out using n − 3 queues for n > 8. Our
result improves the previously known result for the case n > 8.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a graph with vertex set V (G) and edge set E(G). A vertex ordering σ of G is a bijection from V (G) to
{1, 2, . . . , |V (G)|}. For u, v ∈ V (G), we write u<σ v if σ(u) < σ(v). A k-queue layout of a graph G consists of a vertex
ordering σ and a partition of its edges into k queues such that no two edges in the same queue are nested (i.e., two edges
(u, v), (x, y) ∈ E(G) are nested if u<σ x<σ y<σ v). The queuenumber of a graph G, denoted by qn(G), is the minimum k
such that G has a k-queue layout. A graph G is a k-queue graph if qn(G) 6 k.
Queue layouts were first introduced by Heath et al. [6,9]. There are many applications of queue layout in computer sci-
ence, including sorting permutations, parallel process scheduling, matrix computations, and graph drawing (see [1,9,13]
and the references quoted therein). In particular, queue layouts of interconnection networks have applications to the Dio-
genes approach to testable fault-tolerant arrays of processors [13]. Heath and Rosenberg [9] showed that the problem of rec-
ognizing k-queue graphs is NP-complete even if k = 1. Thus, further investigations tended to study bounds on queuenumber
for certain families of graphs [1–9,11,12,14,15].
The n-dimensional hypercube Qn is a graph with 2n vertices in which each vertex corresponds to an n-tuple (bn−1,
bn−2, . . . , b0) on the set {0, 1}n and two vertices are linked by an edge if and only if they differ in exactly one coordinate [10].
For simplicity, we write bn−1bn−2 · · · b0 instead of (bn−1, bn−2, . . . , b0). In 1992, Heath and Rosenberg [9] first showed that
the n-dimensional hypercube can be laid out using at most n − 1 queues. Hasunuma and Hirota [5] recently revisited the
queue layout problem on hypercubes and showed that qn(Qn) 6 n−2 for all n > 5. Subsequently, Pai et al. [11] showed that
the same upper bound also holds for n = 4. Note that all these bounds are derived by induction, and barriers to improving
those bounds are encountered in the base step.
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Fig. 1. The 1-queue layout of Q3 − {111} and its leveled-planar embedding.
In this paper, we improve the bound for n > 8. Inspired by the idea of Hasunuma and Hirota for obtaining the bound
in [5], we provide a particular 5-queue layout of Q8. As a consequence, qn(Qn) 6 n − 3 for n > 8, which improves the
previously known result for the case n > 8.
2. 3-queue layout of Q6 − {111111}
A graph G is leveled-planar if V (G) can be partitioned into subsets V1, V2, . . . , Vm so that G has a planar embedding in
which all vertices of Vi are on a vertical line `i defined by `i = {(i, y)|y ∈ R}, and each edge in E(G) is embedded as a
straight-line segment wholly between `i and `i+1 for some i. Such a planar embedding is a leveled-planar embedding [9]. A
leveled-planar graphGunder this embedding has a natural ordering on vertices, called induced order, by scanning line `i from
bottom to top for each i = 1, 2, . . . ,m and labeling the vertices 1, 2, . . . , |V (G)| as they are encountered. Our construction
scheme of queue layout is based on the following known results.
Lemma 1 (Heath and Rosenberg [9]). Every leveled-planar graph is a 1-queue graph. The induced order of vertices yields a 1-
queue layout.
Corollary 2. A graphG is a k-queue graph if it can be partitioned into k edge-disjoint spanning subgraphs such that every subgraph
has a leveled-planar embedding with a common induced order.
For example, Fig. 1(a) shows the 1-queue layout of Q3 − {111} (i.e., the removal of vertex 111 from Q3), and Fig. 1(b)
represents Q3 − {111} as a leveled-planar embedding. Indeed, the graph Q3 − {111} plays the cornerstone for constructing
a 3-queue layout of Q5 in [5]. Henceforth, we let Hn = Qn − {
n︷ ︸︸ ︷
11 · · · 1}. The following lemma shows that H6 can be laid out
using three queues.
Lemma 3. qn(H6) 6 3.
Proof. To obtain a 3-queue layout ofH6, by Corollary 2 it suffices to partitionH6 into three edge-disjoint spanning subgraphs
such that each subgraph has a leveled-planar embeddingwith the same induced order. Fig. 2 shows the desired embeddings.
Since every vertex of H6 has degree 6 except vertices 011111, 101111, 110111, 111011, 111101, 111110, the adjacency of
vertices can be checked by a tedious process of verification from the drawing (for convenience of checking, an interactive
verification is available at URL http://poterp.iem.mcut.edu.tw/q6/). Thus the correctness directly follows. 
3. 5-queue layout of Q8
Given a vertex ordering σ of a graph G, the length of an edge e = (u, v) ∈ E(G) is defined to be `σ (e) = |σ(u) − σ(v)|.
Note that if |`σ (e1)− `σ (e2)| 6 1, then e1 and e2 do not nest. Let σ1 and σ2 be two vertex orderings with no common vertex.
The concatenation of σ1 and σ2, written (σ1) ◦ (σ2), is the ordering σ1 followed by the ordering σ2.
Lemma 4. For n > 3, if qn(Hn−2) 6 k then qn(Qn) 6 k+ 2.
Proof. Suppose that Hn−2 has a k-queue layout, and let σHn−2 be the corresponding vertex ordering. For i ∈ {00, 01, 10, 11},
we let Q in denote the subgraph of Qn induced by the set of vertices with i as the two least significant digits and let H
i
n =
Q in − {
n−2︷ ︸︸ ︷
11 · · · 1 i}. Clearly, each subgraph H in is isomorphic to Hn−2. We further let σH in denote the vertex ordering of H in
corresponding to σHn−2 and let
Π = (
n−2︷ ︸︸ ︷
11 · · · 1 00) ◦ (σH00n ) ◦ (σH10n ) ◦ (
n−2︷ ︸︸ ︷
11 · · · 1 10) ◦ (
n−2︷ ︸︸ ︷
11 · · · 1 01) ◦ (σH01n ) ◦ (σH11n ) ◦ (
n−2︷ ︸︸ ︷
11 · · · 1 11)
be a particular vertex ordering of Qn. We will show that the vertex orderingΠ of Qn permits a (k+ 2)-queue layout.
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Fig. 2. A partition of H6 into three edge-disjoint leveled-planar graphs.
Let M = H00n ∪ H10n ∪ H01n ∪ H11n . For each i ∈ {00, 10, 01, 11}, since σH in is the vertex ordering of H in corresponding to
σHn−2 in Hn−2, the edge set E(H
i





E(H01n ) and E(H
11
n ) occur in the sequence ofΠ , we can obtain a k-queue layout ofM . We now consider the remaining edges
of Qn as follows.
For each i ∈ {00, 10, 01, 11}, let Ei = {(u,
n−2︷ ︸︸ ︷
11 · · · 1 i) ∈ E(Q in) : u ∈ V (H in)}. Also, define
F00,10 = {(u, v) ∈ E(Qn) : u ∈ V (H00n ) and v ∈ V (H10n )},
F01,11 = {(u, v) ∈ E(Qn) : u ∈ V (H01n ) and v ∈ V (H11n )},
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Fig. 3. The 5-queue layout of Q8 .
F00,01 = {(u, v) ∈ E(Qn) : u ∈ V (Q 00n ) and v ∈ V (Q 01n )},




11 · · · 1 00,
n−2︷ ︸︸ ︷
11 · · · 1 10), (
n−2︷ ︸︸ ︷
11 · · · 1 01,
n−2︷ ︸︸ ︷
11 · · · 1 11)}
Assign the edges in E00 ∪ E10 ∪ E01 ∪ E11 ∪ F00,10 ∪ F01,11 to the (k + 1)th queue. Since E00, E10, E01 and E11 occur in the
sequence ofΠ and every edge e ∈ F00,10 begins at a vertex after
n−2︷ ︸︸ ︷
11 · · · 1 00 and is at the end before
n−2︷ ︸︸ ︷
11 · · · 1 10 (respectively,
every edge e ∈ F01,11 begins at a vertex after
n−2︷ ︸︸ ︷
11 · · · 1 01 and is at the end before
n−2︷ ︸︸ ︷
11 · · · 1 11), it can be easily checked that
such an assignment does not produce nested edges. Finally, because `Π (e) = 2n−1 if e ∈ F00,01∪F10,11 and `Π (e) = 2n−1−1
if e ∈ F , we assign the edges in F00,01 ∪ F10,11 ∪ F to the (k+ 2)th queue (see Fig. 3 for an illustration of the case n = 8 and
k = 3). Thus the lemma follows. 
From Lemmas 3 and 4, we have the following corollary.
Corollary 5. qn(Q8) 6 5.
From Corollary 5 and the result in [5] that qn(G× K2) 6 qn(G)+ 1, where G× K2 denotes the Cartesian product of G and
the complete graph with two vertices, we immediately obtain the following theorem.
Theorem 6. qn(Qn) 6 n− 3 for all n > 8.
4. Concluding remarks
By level-planarity of a graph G, a result in [9] showed that the maximum number of edges that can be assigned to a
single queue is 2|V (G)| − 3. Thus, qn(G) > d |E(G)|2|V (G)|−3e. Also, Wood [15] showed that the queuenumber of a k-dimensional





). Since Qn is isomorphic to
n terms︷ ︸︸ ︷
P2 × · · · × P2, qn(Qn) > d n2e. As a concluding remark, we summarize the previous bounds in [9,5,11,15] and the result of
this paper is as follows.
Theorem 7. For Qn, we have the following:
(1) qn(Qn) = d n2e if n ∈ {2, 3, 4, 5},
(2) d n2e 6 qn(Qn) 6 n− 2 if n ∈ {6, 7},
(3) d n2e 6 qn(Qn) 6 n− 3 if n > 8.
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